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Abstract In the present study we complete the evaluation

of three dimensional digitized reconstructions of a bin-

derless zeolite adsorbent with improved mass transfer rates,

by performing simulations of pore diffusion and Hg-

intrusion porosimetry in these structures. It is seen that an

excellent agreement with the experimental diffusivity is

achieved (relative error of 1.2 %) for a pore structure

that matches, besides low order correlations, chord length

distribution functions that account for higher order corre-

lations. Furthermore, simulations on a variety of recon-

structed samples indicate that matching chord length

distribution functions is a necessary (though probably not

sufficient) condition for accurate structural representation.

The average tortuosity factor is 2.68 and is nearly constant

over a broad spectrum of pressures, when properly nor-

malized. Hg-intrusion porosimetry simulations, performed

with a pure morphology method, show a good agreement

with the experimental curve for normalized cumulative

intrusion volumes in the range of 50–88 %, but cannot

make a distinction between structures with differences in

higher order correlations. It is believed that SEM micro-

graphs, properly obtained to represent realistic 2D sections

of the material, contain sufficient structural information

that can distinguish among pore structures with different

mass transfer rates, when combined with stochastic

reconstruction methods. Evidently, the direct link between

these structural parameters and pore diffusivity will pro-

vide the necessary route to improve the mass transfer rate

of porous adsorbents.

Keywords Stochastic reconstruction � Pore diffusion

simulation � Random walk methods �Mercury porosimetry �
Drainage simulation � Zeolite adsorbents

1 Introduction

In part I of this series (Kikkinides and Politis 2013) we have

reported on the three-dimensional representation of the

structure of a binderless zeolite adsorbent that was previ-

ously developed and meets the targets of N2 pore diffusiv-

ity, Dp;N2
� 3:5� 10�6m2

�
s, at a pressure of 1.5 bar and

temperature of 300 K (Ackley and Leavitt 2002; Chao and

Pontonio 2002; Ackley et al. 2003). More specifically, we

have employed the simulated annealing (SA) technique,

starting either from a purely random structure (standard SA

method) or from a random sphere pack (hybrid method),

and have generated three-dimensional porous structures that

match the basic low order correlations (porosity and two-

point correlation function), measured on two-dimensional

SEM images of the actual materials. Furthermore, we have

evaluated the porous structures produced by each recon-

struction method (standard SA or hybrid) by measuring,

besides porosity and two-point correlation function, chord

length distribution functions that account for higher order

correlations in the porous matrix. It is found that the hybrid

method with an initial temperature, T = 1 9 10-10, pro-

duces porous structures that match, besides porosity and

two-point correlation function, pore and mass chord length

distribution functions. The standard SA method, on the

E. S. Kikkinides (&) � M. G. Politis

Department of Mechanical Engineering, University of Western

Macedonia, Bakola & Sialvera Str., 50100 Kozani, Greece

e-mail: kikki@cperi.certh.gr

E. S. Kikkinides � M. G. Politis

Chemical Process and Energy Resources Institute (CPERI),

Centre for Research and Technology Hellas (CERTH),

P.O. Box 60361, 57001 Thessaloniki, Greece

123

Adsorption (2014) 20:21–35

DOI 10.1007/s10450-013-9545-0



other hand, while matching porosity and two point corre-

lation, it fails to match pore and mass chord length distri-

bution functions. We have attributed this difference in pore

structure to the fact that the hybrid method preserves parts

of the original sphere pack configuration found in the initial

zeolite powder used in the actual fabrication process of the

adsorbent.

In part II, we further evaluate each developed structure

by simulating N2 diffusion using a step by step Monte

Carlo random walk process and Hg-intrusion porosimetry

employing a pure morphology method. The resulting N2

pore diffusivities and Hg-intrusion curves for each struc-

ture are compared with each other and with experiments, in

an attempt to show how pore diffusion and Hg-intrusion

are affected by structural differences and which recon-

struction method is more suitable in the case of the zeolite

adsorbent examined in the present study. Evidently, the

ultimate goal of this series of publications is to identify the

main structural characteristics that control the mass transfer

rate in the zeolite adsorbent. It is expected that improve-

ment of these selected key structural parameters will

enhance mass transfer rate in the adsorbent and hence

process performance characteristics in a PSA/VSA

operation.

2 Theoretical section

2.1 Gas diffusion in porous media

Gas diffusion in porous media, usually called pore diffu-

sion, is characterized by the resistance that a gas encoun-

ters as it diffuses through the pore space of a porous

material (Karger and Ruthven 1992). This resistance is a

function of the molecular properties of the gas, its inter-

action with the internal surface and the internal architecture

of the porous matrix. Diffusion of small gas molecules in

the macropore space of a zeolite adsorbent depends pri-

marily on the latter (Karger et al. 1981; Karger and

Ruthven 1992; Ruthven and Xu 1993; Papadopoulos et al.

2007). Hence, in this case, the complex pore structure

results in lowering the diffusion coefficient in the uncon-

strained free space by a simple geometric factor that is

often called tortuosity (Satterfield and Sherwood 1963).

Therefore, when studying pore diffusion, it is important

first to determine accurately diffusion coefficients in the

free space before we refer to the case of diffusion in the

porous matrix of the material.

2.2 Estimation of self-diffusion coefficients

The simplest derivation of an expression for self-diffusivity,

D, of an ideal gas uses Maxwell’s expression for the mean

free path, k, together with a simplistic approximation for the

mean molecular velocity. Simple momentum exchange

principles result in the following classic expression from the

Kinetic Theory of Gases (Jeans 1925; Kennard 1938):

D ¼ 1

3
k�u ð1Þ

where �u ¼ 8RgTg

pM

� �1=2

is the mean thermal speed of the gas

with molecular weight M, Tg is the gas temperature and Rg

the universal gas constant. The mean free path, k, for the

case of self diffusion of a gas with number density n, and

molecular collision diameter, r, is often described as

Maxwell’s mean free path and it is given by the well

known expression from the Kinetic theory of gases (Jeans

1925; Kennard 1938):

k ¼ 1

pnr2
ffiffiffi
2
p ¼ kTg

s P� 105ð Þ
ffiffiffi
2
p ð2Þ

where k = Boltzmann’s constant = 1.38066 9 10-23 (J/

K), s = collision area (m2) = 0.42 9 10-18 m2 for air or

N2, and P is the gas pressure (bar).

Equation (1) remains almost unaffected if we account for

velocity distribution effects (e.g. assuming a Maxwell–Boltz-

mann law of distribution of velocities, see also Kennard 1938).

However, if we assume that gas molecules behave like elastic

spheres we must account for the persistence of molecular

velocities at a collision between two molecules of equal mass.

Then Eq. (1) becomes, D ffi 1:8
3

k�u (Jeans 1925; Kennard

1938). Finally, Maxwell–Stefan (M–S) theory predicts the

following expression for self diffusivity of an ideal gas:

D ¼ 2

3
k�u ð3Þ

Previous studies have shown that Eq. (3) give results

that are in good agreement with experiments.

2.3 Estimation of binary diffusion coefficients

Binary diffusion in a gas mixture of species A and B, is

obviously more complicated than self-diffusion due to the

interaction of the two species in the mixture. Early theories

by Meyer that use simplistic extensions of Eq. (1) for the

case of binary mixtures, suggest a strong dependence of

binary diffusivity, DAB, on concentration of either species

in the mixture (Jeans 1925). However, if one accounts for

velocity persistence after collisions, then the respective

formula for DAB shows little dependence on concentration

(Jeans 1925). According to the M–S theory, DAB, is inde-

pendent of the mixture composition. Experiments, on the

other hand, have revealed a good agreement with the M–S

theory (Jeans 1925; Hirschfelder et al. 1949; Marrero and

Mason 1972; Reid et al. 1987).
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A more sophisticated approach, still based on the kinetic

theory of gases, is to solve Boltzmann’s equation at some

special conditions. Thus, at low to moderate pressures,

Chapman and Enskog independently derived the following

equation:

DAB ¼
0:00266T3=2

g

PM
1=2
AB r2

ABXD

¼
0:00188T3=2

g

Pr2
ABXD

1

MA

þ 1

MB

� �1=2

ð4Þ

where

MAB ¼ 2
1

MA

þ 1

MB

� ��1

ð5Þ

With P, pressure in bar, Tg, temperature in K,

rAB = (rA ? rB)/2, Lennard-Jones collision diameters

obtained from viscosity experiments in the gas, XD a

diffusion collision integral, which is normally provided as a

function of the dimensionless temperature, T* = kTg/eAB

(Neufeld et al. 1972). Note that eAB ¼
ffiffiffiffiffiffiffiffiffi
eAeB
p

, eA, eB, being

characteristic LJ energy minima.

Besides approximate theories, there are several semi-

empirical formulas that predict binary diffusivities with

good accuracy. Wilke and Lee (1955) have proposed the

following semi-empirical formula to estimate DAB:

DAB ¼
3:03� 0:98= M

1=2
AB

� �h i
1� 10�3ð ÞT3=2

g

PM
1=2
AB r2

ABXD

ð6Þ

Fuller et al. (1966) have proposed the following formula

for DAB:

DAB ¼
0:00143T3=2

g

PM
1=2
AB

P
t

� 	1=3

A
þ
P

t

� 	1=3

B

h i2
ð7Þ

where
P

t is found for each component by summing

atomic diffusion volumes. For N2

P
t ¼ 18:5 and for O2P

t ¼ 16:3. Detailed values for all basic elements or

simple molecules are provided in any classic text-book on

transport phenomena (see for example, Reid et al. 1987).

Equations (6) and (7) give estimations of DAB with

average errors around 4–5 % .

2.4 Comparison of self and binary diffusivities

for N2/O2 mixtures

We have used the above equations to determine self and

binary diffusion coefficients for N2/O2 mixture at

Tg = 300 K and P = 1.5 bar, where we have experimental

diffusivity results for this gas mixture (Hirschfelder et al.

1949).

Looking at the results of Table 1, we observe that all

equations give a very good estimate of the experimental dif-

fusivities. Wilke-Lee’s expression is in closest agreement

with the experiment for the case of binary diffusion. Fur-

thermore, N2 self-diffusivities are almost identical to binary

diffusivities due to the similarities in molecular weights and

Lennard-Jones parameters for N2 and O2. This important

preliminary conclusion allows us to study N2 self-diffusion

and predict the value of N2/O2 mixture diffusivity, with neg-

ligible error.

2.5 Microscopic simulation of self diffusion

in a porous medium

Microscopic simulation of self or tracer diffusion on off-

lattice and/or on-lattice 3D structures, has been success-

fully performed over the last three decades employing

Monte Carlo random-walk methods (Evans et al. 1980;

Akanni et al. 1987; Torquato and Kim 1989; Reyes and

Iglesia 1991; Tassopoulos and Rosner 1992; Melcote and

Jensen 1992; Tomadakis and Sotirchos 1993; Vignoles

1995; Burganos 1998; Kainourgiakis et al. 1999; Zalc et al.

2004; Berson et al. 2011). These methods help us deter-

mine self-diffusivities at any value of the Knudsen number,

Kn, defined as the ratio of the mean free path to the

hydraulic diameter of the material:

Kn ¼ k
dh

ð8Þ

The hydraulic diameter of the structure, dh, has been

already defined in part I of this series, and it is proportional

to the ratio of the porosity of the material, e, over its

surface area per unit volume, Sv (Underwood 1970):

dh ¼
4e
SV

ð9Þ

The above quantity is another measure of the mean pore

size of the material and is also equal to the mean intercept

or mean pore chord length, lp


 �
, since it corresponds to the

mean length of the segments of a randomly drawn line in

the pore space of the medium (Torquato 2002). If Kn � 1

then the mean free path of the molecules, k, is much higher

than the characteristic size of the pores, which means that

the molecules prefer to collide with the solid walls almost

exclusively (Knudsen regime). This is a case that occurs at

very dilute gas densities, or, equivalently, very low

pressures, for a given pore diameter. An equivalent way

to establish the condition that Kn � 1, is by having very

small pores at a given pressure as can bee seen from

Eq. (8). Note that Knudsen diffusion does not depend on

pressure. On the other hand, if Kn � 1, the gas molecules

prefer to collide with each other and occasionally collide

with the solid walls of the macropores (pure molecular

diffusion regime). In this case the ratio of pore diffusivity

over its value at the same temperature and pressure

conditions, in the free space, remains constant with the
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Knudsen number, Kn, and hence with pressure. Typically a

value Kn *5 9 10-3 ensures that we are in the pure

molecular diffusion regime (Burganos 1998).

At the end of the simulation process, the value of self or

tracer diffusivity, D, is determined from the mean-square

displacement n2

 �

, of a statistically sufficient number of

identical molecules injected in the void space of the

medium, according to the well known Einstein’s equation

(Einstein 1926; Chandrasekhar 1943):

D ¼ lim
t!1

n2

 �

6 � t ð10Þ

where t is the travel time of the molecules. This quantity is

monitored through the distance travelled by the molecules

during the simulation, assuming that they move at a con-

stant speed equal to the thermal speed, �u, as indicated in

similar studies (see for example Kainourgiakis et al. 1999,

and references cited there in). The travel time has to be

large enough to ensure that the molecules ‘‘feel’’ the effect

of all the structural details of the porous medium, in

determining the macroscopic diffusivities. In this sense, the

material can be considered as macroscopically homoge-

neous in terms of its structural and diffusion characteristics.

In order to simulate diffusion at any value of the

Knudsen number, Kn, we adopt the following step-by step

random walk procedure for a large number of inert, point-

like molecules: First, a random position in the pore space is

defined as the initial position of a point-molecule to travel

within the porous medium. Subsequently, direction angles

are randomly assigned to the molecule which starts its

random walk moving from point to point along this

direction, until it collides with another molecule at a dis-

tance ki, sampled from an exponential distribution with

mean, k (Jeans 1925; Kennard 1938):

ki ¼ �k exp vð Þ; v uniform 2 0; 1ð Þ ð11Þ

At each step a check is made whether the molecule hits a

solid wall before it collides with another molecule, and if

the former happens it undergoes a diffuse reflection

according to the cosine law (Greenwood 2002). At all

times a test is made to determine whether the molecule

reaches the boundaries of the 3D medium. Periodic

boundary conditions are employed in the present study

and two sets of coordinates have been used: local

coordinates of the molecule inside the medium and the

global ones used for the computations of the total

displacements (Burganos 1998; Kainourgiakis et al.

1999). Evidently, for k!1 we determine Knudsen

diffusivity while for very small k the algorithm provides

the molecular diffusion coefficient. The random walk

process described above is illustrated schematically in

Fig. 1.

Using the expression from Eq. (1) for pure molecular

diffusion in the free phase, D ¼ Db ¼ 1
3
k�u (solution from

kinetic theory for molecular diffusion in the absence of

velocity persistence after each collision) one can non-di-

mensionalize pore diffusivity as follows [substituting also

t ¼ s=�u in Eq. (10)]:

D

Db kð Þ ¼ lim
s=k!1

n2
�
k2


 �

2s=k
ð12Þ

The standard computational procedure, when tested in a

pure unbounded domain (e = 1) with no solid-wall

collisions, predicts that D/Db *1. In other words, the

Table 1 Self and binary diffusion coefficients for N2/O2 mixture at 300 K and 1.5 bar

DAB (Eq. 4) (m2/s) DAB (Eq. 6) (m2/s) DAB (Eq. 7) (m2/s) DAB experiment (m2/s)

O2-self 1.32 9 10-5 1.42 9 10-5 1.32 9 10-5 –

N2-self 1.38 9 10-5 1.48 9 10-5 1.43 9 10-5 1.4 9 10-5

N2/O2 1.36 9 10-5 1.46 9 10-5 1.39 9 10-5 1.5 9 10-5

Experimental values are taken from Hirschfelder et al. 1949

Fig. 1 An illustrative example of the step-by-step random walk

process of point tracers in a lattice domain (pore space is drawn in

white and solid phase in dark grey). Note that the random walk

process is performed off-lattice (i.e. anywhere) in the domain
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current simulation method predicts that in an open domain,

D ¼ Db ¼ 1
3
k�u. At P = 1.5 bar and Tg = 300 K, and using

the expressions for �u and k, already defined in Sect. 2.1, the

N2 self-diffusivity in the bulk phase predicted by Eq. (1)

will be Db *7.4 9 10-6 m2/s, which is about half the

experimental value of Db for N2 self or binary diffusion at

these conditions (see also Table 1).

The reason for this discrepancy can be found from the

fact that in the simulations we have employed no-memory

random walks. In other words we have assumed that after

an intermolecular collision, all directions of the bouncing

molecule are equally probable. However, this is not true as

it has already been discussed above introducing the concept

of persistence of velocities between molecular collisions,

where we have observed a moderate tendency for a suc-

ceeding path to favor the general direction of the preceding

one.

Because the difference in bulk diffusivities with and

without inclusion of molecular persistence of velocities is

quite large, it is important to explore whether the

assumption of no memory random walk can be relaxed and

what effect this might have in the predictions of

diffusivities.

2.6 A biased random walk method to account

for persistence of velocities

In order to relax the assumption of no-memory random

walks, we have followed the idea proposed in the work of

Tomadakis and Sotirchos (1993). These authors performed

biased random walk simulations by bounding the minor

angle x formed by the vectors representing the directions

of a molecule before and after an intermolecular collision

through the constraint, 0 B x B xmax. Evidently if

xmax = p, then the molecule is free to scatter freely

everywhere in an imaginary sphere centered around the

molecule’s position at the point of the collision with other

molecules. If x\ p then the post-collision direction of the

molecule is restricted accordingly. For example if

xmax = p/2, then the molecule can scatter freely only in

the positive hemisphere formed normal to the molecule’s

direction before the collision, with center again the point of

inter-molecular collision, and so on. The above cases are

illustrated in Fig. 2.

Based on the above arguments we have developed

biased random walk simulators where we have achieved

persistence of the velocities by arbitrarily setting xmaxBp.

Simulations were performed for an unbounded domain

(free space) in order to select the appropriate value for

xmax that matches the correct prediction for molecular self-

diffusivity in the bulk phase. Results for different xmax

values are shown in Fig. 3.

From the above results it is seen that using a value of

xmax = p/2 results in a prediction of Db *2Db,0 or

Db = (2/3)ku0 *1.5 9 10-5 m2/s. Thus we can predict the

experimental self-diffusivity of N2 in the bulk phase if we

consider that there is a persistence of molecular velocities,

such that the molecules after an intermolecular collision

can only scatter in the positive hemisphere formed normal

to the direction of the molecule before the collision and

with its center at the point of collision.

Hence, in the present study we employ a biased random

walk method with xmax = p/2 to calculate N2 pore diffu-

sivity at any finite value of the Knudsen number, Kn, as

determined by the experimental conditions (mean free path

and hydraulic diameter of the material). For the case of

Knudsen diffusion where only molecule-wall collisions are

Fig. 2 Molecular trajectories in an unbounded domain, a when there is no persistence of molecular velocities and, b when there is a persistence

of molecular velocities
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observed, there should be no effect of velocity persistence

between molecular collisions, since the latter do not occur

in this case. Furthermore, for the case of pore diffusion at

the pure molecular diffusion regime (Kn � 1) we can still

use the standard unbiased random-walk method, since we

know that at these conditions the ratio D/Db reaches a

plateau value, which remains constant if we further

decrease Kn. Thus, if we use the correct ‘‘experimental’’

value of diffusivity in the free space, Db, we will get the

proper value of pore diffusivity, D. Of course we can also

use the biased random walk method using the kinetic the-

ory result for Db (Eqs. (1) and (12)) and get the correct

value for D.

2.7 Estimation of tortuosity

The tortuosity factor or tortuosity, s, is an empirical

parameter that is used to describe the longer connecting

paths due to the complexity of the porous structure com-

pared to the motion in the unconstrained free space (e = 1).

Tortuosity can be defined from the following equation:

Dp ¼
�D

s
ð13Þ

where Dp is pore diffusivity for N2 and does not have

imbedded in it the porosity of the material (in accord with

its definition in the patent by Ackley and Leavitt 2002) and
�D is a reference diffusivity for N2, typically determined by

Bosanquet’s equation (see also, Zalc et al. 2004; Berson

et al. 2011):

�D ¼ 1

Db

þ 1

DK

� 
�1

ð14Þ

where Db is N2 bulk or molecular diffusivity in the free

space and DK is the respective Knudsen diffusivity for a

capillary with a diameter equal to the hydraulic diameter of

the porous material, dh, or, equivalently, the mean pore

chord length, lp


 �
:

DK ¼
1

3
dh�u ¼ 1

3
lp


 �
�u ð15Þ

Previous studies have demonstrated that tortuosity

factors defined by Eqs. (13) and (14) show significant

dependence on the Knudsen number, despite their purely

geometric nature (see for example, Tomadakis and

Sotirchos 1993; Zalc et al. 2004). More specifically,

tortuosities in the Knudsen regime are often much larger

than those measured on the pure molecular diffusion

regime. Zalc et al. (2004) have attributed this inconsistency

to the inappropriate definition of the reference Knudsen

diffusivity, at least for pore structures that are well above

their percolation threshold. Furthermore, these authors

have shown that tortuosity factors computed in simulated

structures made by random sphere packs and spherical

aggregates that are well above their percolation threshold,

can become independent of the Knudsen number, Kn, if the

reference Knudsen diffusivity is defined by Derjaguin’s

expression (Derjaguin 1946):

DK ¼
1

3
lp


 �
�u

l2
p

D E

2 lp

 �2

� b

2

4

3

5 ð16Þ

where the term b ¼ �
P1

j¼1

cos cj


 �
describes the nature of

the redirecting collisions, through the average cosine of the

angles cj between trajectory segments separated by j wall

collisions. For exponential pore chord length distribution

functions (usually met in random sphere packs) it is known

that
l2ph i

2 lph i2
¼ 1. Furthermore, Derjaguin has shown for

molecules striking randomly placed spheres using

Knudsen’s cosine law that b = 4/13. (Derjaguin 1946).

So we can consider an idealized case of a random sphere

pack, which in this case predicts a Knudsen diffusivity of

the form:

DK ¼
3

13
lp


 �
�u ð17Þ

The above expression can be used to compute the

reference diffusivity �D, in Eq. (14).

2.8 Mercury porosimetry

2.8.1 Mercury intrusion

Mercury (Hg) porosimetry is by far the most popular

method for characterizing porous materials with pores in

the range of *100 lm down to *0.003 lm (Lowell and

Fig. 3 Mean square displacement versus distance using different

bounds of angle x for random walk simulations of molecular

diffusion in the free space (e = 1)
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Shields 1991; Leon and Leon 1998; Rouquerol et al. 2012).

Compared to alternative characterization methods such as

gas sorption, Hg porosimetry covers a much wider pore

size range, while it is based on simpler physicochemical

principles and it is much faster in operation. Nevertheless,

Hg porosimetry has some important limitations that must

be taken into account when analyzing the structure of

porous materials particularly when there is no additional/

complementary information from other characterization

techniques, such as microscopy, tomography, small and

very small angle scattering, etc.

The most commonly used experiment in Hg porosimetry

consists of increasing the pressure in small steps and

measuring the resulting Hg entering the sample, after

allowing the system to reach equilibrium at each step. This

experiment is called Hg-intrusion. Hg-intrusion is normally

followed by the reverse process called Hg-retraction or

extrusion. The most important limitations of the Hg-

intrusion when applied to extract pore size distribution of a

porous material is that it is based on the assumption that the

porous matrix can be represented by a bundle of cylindrical

pores. This assumption has some major limitations:

The Washburn equation used to relate applied hydraulic

pressure with pore radius has been developed on the

assumption of cylindrical pores in shape:

P ¼ �2c cos hð Þ
r

ð18Þ

where P is the pressure required to fill with Hg a cylindrical

pore of radius r, c is the surface tension of Hg in air at

ambient temperature, and h is the contact angle of Hg at the

pore surface. For wetting liquids h\ 90�, while for non-

wetting liquids such as Hg, 90� \ h B 180�. For a purely

spherical Hg meniscus h = 180�, while for Hg in contact

with zeolite surfaces this value is measured to be around

135�. Evidently, non-wetting liquids like Hg must be

hydraulically forced to fill the pores of the material. The

applied pressure ranges from very small pressures to fill

pores with a radius of around 100 lm and up to very high

pressures in the order of 60,000 psia for intrusion of pores

with a radius of *0.003 lm. Note that at high pressures

compressibility effects must be also taken into account.

In extracting pore size distributions during Hg intrusion,

we assume that all pores are equally accessible to the

exterior Hg reservoir. This assumption can only be met if

we represent the pore structure in the form of a bundle of

capillaries or if pore connectivity, nT, is very high

(nT !1). In reality however, pore network effects can be

quite important resulting in the so-called pore shadowing

or ink-bottle phenomenon where a large pore has smaller

entrances that connect it with the Hg reservoir and can only

be filled at a pressure, P, higher than that required by its

actual (inner) dimensions. A schematic illustration of the

pore shadowing effect during Hg-intrusion in idealized

porous media is presented in Fig. 4. The idealized porous

medium is made of three cylindrical pores connected in

series (nT ¼ 2). Two different cases are considered: In the

first case, the inner pore is connected to larger entrance

pores (Fig. 4a, b), while in the second case, the inner pore

is connected to smaller entrance pores (Fig. 4c, d). It is

seen that when the inner pore is smaller than either of the

two entrance pores, Hg intrusion predicts the correct pore

size distribution (Fig. 4a, b). On the other hand, when the

inner pore is larger than both entrance pores, the predicted

pore size distribution is biased towards smaller than actual

pore sizes (Fig. 4c, d). Thus, capillary network models

must be employed to determine additional structural

properties including, network connectivity and pore

Fig. 4 Schematic illustration of the pore shadowing effect during

Hg-intrusion in idealized porous media made of cylindrical pores with

radii r1 and r2 at pressures P1 and P2 respectively (r1 [ r2 and

P1 \ P2). 2D cuts are shown with solid phase in black, pore space in

white and Hg in gray color. When the inner pore is smaller than either

of the two entrance pores, Hg intrusion predicts the correct pore size

distribution. When the inner pore is larger than both entrance pores

the predicted pore size distribution is biased towards smaller than

actual pore sizes
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correlations and also describe complex hysteresis phe-

nomena occurring during the complete cycle of Hg intru-

sion-retraction. Such models of varying complexity have

been used over the past three decades and have been often

quite successful in providing structural characteristics of

the porous materials examined (Androutsopoulos and

Mann 1979; Portsmouth and Gladden 1991; Tsakiroglou

and Payatakes 1990, 1991, 1998; Ioannidis and Chatzis

1993; Mata et al. 2001; Čapek et al. 2007).

Pore shadowing during Hg-intrusion can have important

implications when developing porous materials for differ-

ent physicochemical applications including gas separations

and heterogeneous catalysis. Thus for example if we define

the median pore diameter, dm, as that where 50 % of the

total pore volume of the material is accessed, it is obvious

that this diameter, when calculated by Hg intrusion,

includes pore space accessibility effects that are also cru-

cial in many transport process including molecular diffu-

sion and flow. In other words dm calculated by Hg intrusion

may be biased towards smaller than actual pore sizes,

which should affect the correct mass transport character-

istics of the material. In essence dm calculated by Hg

intrusion contains implicit information on the pore network

connectivity of the material. Thus it is evident that two

porous materials with the same value of dm, may exhibit

different mass transfer characteristics simply because this

value may or may not be biased by pore shadowing effects.

Note that Hg-retraction experiments can also be used to

extract structural information. However such experiments

are also limited by additional accessibility-based phe-

nomena that result in several complications including

contact angle hysteresis, Hg entrapment, much longer

relaxation times towards equilibrium, etc. (Salmas and

Androutsopoulos 2001; Rigby and Edler 2002; Rigby et al.

2008; Thommes et al. 2008). For these reasons Hg-

retraction curves are not used on a routine basis for pore

size distribution calculations, although they may include

important structural information particularly when com-

bined with the respective intrusion curves (Portsmouth and

Gladden 1991; Mata et al. 2001). Note that Hg-porosimetry

can be also employed to estimate tortuosity factors

(Cagnilia 1986).

2.9 Simulation of Hg-porosimetry by a full-

morphology method

There have been several attempts to simulate Hg-intrusion

porosimetry on 3D lattices:

(a) Pure morphology models. These are purely morpho-

logical in nature and do not involve any physics or

chemistry, while the shape of the menisci is assumed

to be spherical (h = 180�). There exist several

publications in the open literature dealing with the

simulation of Hg-intrusion or similar phenomena such

as drainage in totally wetting porous media (Garboczi

and Bentz 1991; Hazlett 1995; Hilpert and Miller

2001; Schulz et al. 2007). These models are relatively

simple to develop, and can access large pore struc-

tures at a high speed. Their main limitation is that

they are purely geometric in nature and assume

completely spherical interfaces. Nevertheless, they

have been shown to represent satisfactorily experi-

mental intrusion curves (Hilpert and Miller 2001).

(b) Lattice gas and/or density functional theory (DFT)

models. These models have been developed by

Monson and co-workers (Porcheron and Monson

2004; Porcheron et al. 2005, 2007), utilizing the same

concepts from Statistical Mechanics used to simulate

capillary condensation in mesoporous structures.

They can capture many of the qualitative aspects of

Hg-porosimetry.

(c) Lattice Boltzmann Equation (LBE) methods. These

methods can be used to simulate two phase flows in

porous media, so they can be adopted to simulate Hg

intrusion (Hyväluoma et al. 2004; Vogel et al. 2005;

Thommes et al. 2009). In general, LBE methods can

be very effective and simulate complex physicochem-

ical processes qualitatively and in certain case

quantitatively too. Nevertheless, these methods are

still very expensive computationally, particularly if

we want to simulate Hg intrusion over large pore

structures and/or with high space resolution.

The mercury porosimetry simulation method (MP) used

in the present study belongs to class (a), as it is purely

morphological in nature. The MP simulation algorithm has

been developed in two and three dimensions as follows:

To begin mercury intrusion simulation, the digitized

porous domain is surrounded with mercury by classifying

all pixels within a fixed distance from the box outer sur-

faces as active mercury. These pixel locations are stored in

an array as the active locations for mercury invasion.

Intrusion is simulated by creating a flow field at each of the

active mercury locations. Assuming a contact angle of 180�
between mercury and porous medium, the flow field can be

represented as a circle in two dimensions or a sphere in

three dimensions of a fixed diameter d. This value of

contact angle is not realistic for most porous materials

where this value is between 120� and 140�. However, the

exact value of the contact angle used in this work is not

important, since according to Eq. (18), the cos(h) term is

only a scale factor that appears in the relation between

intrusion pressure and pore size. If a circle or sphere, of

diameter d, can be centered at an active mercury location

without overlapping any solid material, all pixels that it
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encompasses and still belong to the empty pore space are

reclassified as active mercury. Accordingly, their locations

are stored in a new array. Following this flow propagation

step, all originally active pixels are changed to deactivated

mercury. After all flow fields from the original active

mercury array have been processed, the procedure is

repeated for the new active array. This iterative process

continues until there are no new flow fields to explore, and

the new active mercury array is empty. At this point all the

area of the pore structure accessible by mercury from the

exterior, for a flow diameter d, have been identified. The

procedure is continued by progressively decreasing d, until

the total pore volume is completely intruded or until the

size of d reaches its minimum value (1 or 2 pixels

depending on the way we define a digitized circle or

sphere, see also Hilpert and Miller 2001).

A schematic illustration of the MP simulation in two

dimensions is presented in Fig. 5 for Hg intrusion in a

random disc pack made by cutting a 2D slice from a

random sphere pack. Note that the pore shadowing effect

is much more pronounced in two dimensions compared

to three dimensions due to the obvious smaller number

of degrees of accessibility as we reduce dimensions in

space.

Fig. 5 Schematic illustration of MP simulation in 2D based on a pure morphological model. Solid phase is in black, pore space is in white and

Hg is in gray color
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The simulation algorithm described above has some

distinct differences with the actual intrusion experiment.

In a mercury intrusion experiment, the pressure is

directly measured and the intruded pore diameter is

extracted using Eq. (18). In our simulation, the pore

diameter being intruded is fixed by our choice of the

diameter of the mercury circle or sphere we try to place

inside the porous medium. Hence, there is no need to

use Eq. (18), since intrusion pressure does not come into

the algorithm at all.

It should be noted that the present intrusion simulation

algorithm has a different assessment in two and three

dimensions. In two dimensions it is justified to have cir-

cular mercury meniscus in the completely non-wetting

limit, since there is only one radius of curvature to be

fixed by the mercury’s surface tension and the applied

pressure. However, in three dimensions the meniscus

shape does not have to be spherical as in this case it is the

sum of two radii of curvatures that is fixed by the surface

tension and applied pressure. So if mercury spheres are

used to implement the MP algorithm in three dimensions,

the volume intruded at a given pore diameter will only be

a lower bound, as a pore that will not admit a sphere of

that diameter might very well admit a different shape that

also satisfies the meniscus curvature equation. Neverthe-

less, the information from such a simulation model can be

still very useful, in the sense of a lower bound. For the

scope of the present study we will focus on the simulation

of Hg intrusion assuming spherical menisci during

intrusion.

3 Results and discussion

3.1 Pore diffusion

Diffusion simulation studies have been performed at

reconstructed 3D domains of each of the three beads of the

zeolite adsorbent examined, as well as on a reconstructed

domain made using average statistical input, namely,

porosity and two point correlation function. All these

reconstructions have been developed in part I of these

series using standard and hybrid SA methods (Kikkinides

and Politis 2013). The adsorbent examined is a binderless

zeolite agglomerate made using kaolin or kaolin-type clays

as binders and subsequent caustic digestion (CD) to convert

the clay to zeolite after bonding (Chao and Pontonio 2002)

and has improved mass transfer characteristics (Chao and

Pontonio 2002; Ackley et al. 2003). Simulations typically

involved a large number of 4,000–8,000 test molecules and

dimensionless simulation times of the order of 1–2 9 107,

that ensure a sufficiently large number of molecule-wall

collisions of the order of 50,000–100,000 even at low

Knudsen numbers. The results from the diffusion simula-

tions are summarized in Table 2 where we have also

included for comparison the experimental value measured

on the particular zeolite adsorbent (Ackley et al. 2003).

It is seen that N2 molecular diffusivity values of the 3D

structures generated with the hybrid SA method using an

initial temperature, T = 1 9 10-10, are in excellent

agreement with the experimental diffusivity measurements.

More particularly, if we consider the diffusivity value of

the reconstructed domain based on the average statistical

input, we observe a pore diffusivity of 4.25 9 10-6 m2/s,

which has a small relative error of 1.2 % when compared

to the experimental value of 4.2 9 10-6 m2/s. The diffu-

sivity predictions based on the 3D structures generated

with the standard SA method, on the other hand, produce a

pore diffusivity of 2.20 9 10-6 m2/s, which gives a high

relative error of 47.6 %, compared to the experimental

value. Similar behavior is observed when comparing each

of the three beads examined in this study. The results from

pore diffusion simulations imply that the structure gener-

ated by the hybrid method reproduces much more accu-

rately the macroporous architecture of the zeolite adsorbent

agglomerate compared to the structure made by the stan-

dard SA method and are in accord with the conclusions

drawn in Part I of this series, based on the chord length

distribution measurements on these structures. To elaborate

further on this, we have performed pore diffusion simula-

tions on structures made by the hybrid method using an

initial temperature, T = 1 9 10-8. The resulting N2 pore

diffusivity for the case of a 3D replica based on the average

statistical input is found to be 2.70 9 10-6 m2/s, which

gives a relative error of 35.7 %, compared to the experi-

mental value. We have seen in part I that this structure has

improved matching in chord length distribution functions

compared to the one made by the standard SA method, but

Table 2 Summary of diffusion simulations (Tg = 300 K,

P = 1.5 bar)

Sample Porosity

e
DN2 (m2/s)

Standard SA Hybrid,

T = 1 9 10-10

Reconstructed sample

of bead 1

0.320 1.78 9 10-6 4.04 9 10-6

Reconstructed sample

of bead 2

0.330 2.33 9 10-6 4.41 9 10-6

Reconstructed sample

of bead 3

0.315 1.73 9 10-6 3.96 9 10-6

Averaged values 0.322 1.95 9 10-6 4.14 9 10-6

Reconstructed sample

with average statistical

input

0.322 2.20 9 10-6 4.25 9 10-6

Experiment 0.379 4.20 9 10-6
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it still less accurate compared to the structure made with

the hybrid method using an initial temperature,

T = 1 9 10-10. The results from the diffusion simulation

studies are in accord with the above conclusion. Thus, it

follows that as we improve our matching of pore and (more

importantly) mass chord length distribution functions, we

also improve our matching in N2 pore diffusivities. This

important conclusion that pore and mass (solid) chord

length distribution functions seem to significantly affect the

value of transport properties of a porous material, has been

previously suggested for the case of Knudsen permeation is

alumina porous plugs (Kainourgiakis et al. 2000). Our

present findings support further this important conclusion.

Although we cannot prove that chord length distribution

functions control exclusively the value of pore diffusivity,

we can argue that matching both pore and mass chord

length distribution functions is a necessary (though prob-

ably not sufficient) condition for accurate structural

representation.

3.2 Effect of pressure on pore diffusivity

After validating the 3D structure produced by the hybrid

SA method, we extend our diffusion simulations at various

pressures to study the dependence of N2 pore diffusivity on

pressure (and hence Knudsen number). This dependence is

important when evaluating adsorbents for PSA-VSA-

VPSA processes, where pressure varies from super- to sub-

atmospheric values, depending on the specific process

employed. The results from simulations on reconstructed

domains made by the hybrid SA method (T = 1 9 10-10)

using average statistical input, are presented in Fig. 6.

It is seen that at high pressures molecular diffusion

predominates and pore diffusivity is inversely proportional

to pressure as expected even from Eqs. (4), (6), (7), that

predict molecular diffusivities for binary mixtures in the

free space. At very low pressures, on the other hand,

Knudsen diffusion controls mass transfer and pore diffu-

sivity is almost independent of pressure. In the same figure

we have plotted pore diffusivity predictions based on Bo-

sanquet’s expression:

1

Dp

¼ 1

Dp;b
þ 1

Dp;K
ð19Þ

In the above equation Dp is pore diffusivity at a pressure P,

Dp;b is the expression for pore diffusivity in the pure

molecular diffusion regime computed at the same pressure,

and Dp;K is Knudsen diffusivity for N2. Dp;b is determined as

follows: First we compute the value of pore diffusivity in the

pure molecular diffusion regime that corresponds to a

Knudsen number Kn *5 9 10-3. This value is found to be

equal to Dp;b = 1.21 9 10-7 m2/s at a pressure of*34 bar,

where the free space diffusivity is Db = 3.33 9 10-7 m2/s,

so that their ratio is,
Dp;b

Db
= 0.363. Since we know that at the

pure molecular diffusion regime,
Dp;b

Db
is constant, we simply

multiply this ratio with the appropriate value of Db in the free

space that corresponds to a pressure P, to determine Dp;b at

each pressure. The results from Fig. 6, show a very good

agreement between the actual simulation diffusivities and

those predicted by Bosanquet’s equation, confirming the

validity of the latter.

3.3 Estimation of tortuosity

We have employed Eq. (13) to calculate tortuosity, s. In

this equation, the reference diffusivity, �D, has been deter-

mined from Eq.(14) with DK defined by either Eq. (15) or

(17). The effect of Knudsen number on s is shown in Fig. 7

using either choice of DK. It is seen that tortuosity with DK

defined by Eq. (15) shows significant variation with Kn,

particularly in the transition regime going from low to high

pressures (from Knudsen to pure molecular diffusion

regime, respectively). On the other hand, when Derjaguin’s

expression for DK is employed through Eq. (17) this vari-

ation almost diminishes, in accord with the findings of Zalc

et al. (2004), for the case of more idealized pore structures

based on random sphere packs, and Papadopoulos et al.

(2007), for the case of ethane diffusion in beds of NaX

zeolite crystals. Evidently, the average value of s for the

zeolite adsorbent under study is, sh i ¼ 2:68, with a stan-

dard deviation of 0.07. This value is purely geometry

dependent and can be safely used to determine pore dif-

fusivity for other gases, at least for cases of self-diffusion

and/or binary diffusion of gases with similar molecular

weights, kinetic diameters, and other basic physicochemi-

cal characteristics.

Fig. 6 Effect of pressure on N2 pore diffusivity, computed on the

reconstructed sample with average statistical input, made with the

hybrid method
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3.4 Hg intrusion porosimetry

Further to the pore diffusion simulation studies we have

simulated Hg-intrusion in the reconstructed images using

the pure morphology method outlined in the respective

section above. In Fig. 8, we compare simulated Hg-intru-

sion porosimetry curves measured on reconstructed 3D

images made by the standard and the hybrid SA method

with T = 1 9 10-10. In the same Figure we have plotted

the respective experimental curve measured on the zeolite

adsorbent. To be able to make clear comparisons we have

normalized all Hg-intrusion curves by the maximum

intruded volume in each case. Moreover, we have further

treated the experimental Hg-intrusion curve by subtracting

at each point the volume intruded at 1 atm and then by

normalizing it with the maximum intruded volume minus

the intruded volume at 1 atm. This is because at pressures

below 1 atm, we intrude pores with sizes of the order of

100 lm or more, which is beyond the range of the SEM

micrograph and cannot be detected with our method.

Nevertheless, pores of such size are most likely not asso-

ciated with the internal pore structure of the adsorbent and

refer rather to the interstices between zeolite particles or

beads, since a sample used from Hg-porosimetry experi-

ments contains a large number of such particles, packed

together in the sample container.

Looking at the results in Fig. 8, it is evident that the two

simulation curves are in very close agreement with each

other and in an overall fair agreement with the experi-

mental Hg-intrusion curve, specifically after the latter is

normalized for pressures above 1 atm. As expected, the

simulated intrusion volume at a given pore diameter is

always lower than its respective experimental value. More

specifically the simulation curves significantly underesti-

mate the amount of intruded volume with a relative error of

80–90 % for cumulative intrusion volumes up to 10 %.

The error remains quite high (50–70 %) for cumulative

intrusion volumes up to 25 %, dropping to 35 % for a

cumulative pore volume of *47 %. For cumulative

intrusion volumes of 50 % and up to *88 % the relative

error drops significantly to around 10–13 %. The simula-

tions for either structure predict a median pore diameter

around 0.42 lm, which is in very good agreement with the

experimental value (0.475 lm). The above differences

between simulated and experimental intrusion curves jus-

tify our previous suggestion that a Hg-intrusion curve

resulting from MP simulations should be considered as a

lower bound of the actual experimental curve. Neverthe-

less, the relative error in the predicted median pore diam-

eter is around 11 %, which is remarkably small,

considering the assumptions involved in the MP simulator.

Our overall assessment on the MP simulator based on the

full morphology method is that it can give a reasonably

good description of the process, in a limited region of

intrusion volumes between 50 and 88 %.

An additional conclusion drawn when looking at the

results of Fig. 8, is that there is almost no difference in the

simulated Hg-intrusion curves between the reconstructed

domain made with the hybrid and that made with the

standard SA method. Given the significant differences

obtained in simulated N2 pore diffusivities on the same

structures, it follows that, contrary to chord length distri-

bution functions, Hg-intrusion curves simulated by pure

morphological models do not contain sufficient structural

information that can distinguish between pore structures

with significantly different mass transfer characteristics. Of

course this conclusion depends on the ability of the MP

simulator to describe accurately the physics of the intrusion

phenomenon, which in the present case appears to be

reasonably good only in a limited region of intrusion vol-

umes between 50 and 88 %.

Fig. 7 Variation of tortuosity with pressure, based on diffusion

simulations on the reconstructed sample with average statistical input,

made with the hybrid method

Fig. 8 Simulated and experimental cumulative Hg-intrusion curves

for the zeolite adsorbent under study
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The additional use of the Hg-retraction branch is

expected to add significant gain in the structural charac-

terization of a macroporous structure, particularly when

combined with mesoscopic simulation methods (Rigby

et al. 2011). Unfortunately, we have not been able to

simulate Hg-retraction with the pure morphology method,

as there are several important issues associated with this

process, that require additional theoretical development

and will be a subject of a future work. Backscattered SEM

micrographs, on the other hand, when taken at properly

extracted and polished 2D cross sections of the porous

material, contain sufficient structural information, in the

form of pore and mass chord length distribution functions,

that can distinguish among pore structures with different

mass transfer rates. Evidently, the direct link between these

structural properties and pore diffusivity will provide the

necessary route to improve the mass transfer rate of porous

adsorbents. It must be emphasized that the SEM sample

preparation method is very important in obtaining realistic

2D cross-sections of the actual porous material. For this

reason the sample must undergo a series of steps, includ-

ing, epoxy impregnation, polishing and epoxy surface

removal processing before SEM micrographs are obtained.

The excellent agreement between simulated and experi-

mental pore diffusion and the fair reproduction of the Hg-

intrusion curve by a simplified morphological model,

support the above argument. Evidently, additional 3D

characterization techniques (Levitz and Tchoubar 1992;

Rouquerol et al. 2012) should be employed to measure the

basic statistical structural properties and confirm that the

obtained SEM micrographs represent realistic 2D sections

of the actual porous medium.

4 Conclusions

In part II of the series we complete the evaluation of 3D

digitized reconstructions of a binderless zeolite adsorbent

with improved mass transfer rates. It is seen that the hybrid

SA method with T = 1 9 10-10, which preserves, besides

low order correlations, pore and mass chord length distri-

bution functions, predicts the experimental value of N2

pore diffusivity with a relative error of *1.2 %. The

standard SA method, on the other hand, that only guaran-

tees matching of the low order correlations (porosity and

two-point correlation function) gives a prediction of pore

diffusivity with a relative error of *47.6 %.

Additional studies of N2 pore diffusion simulations on

intermediate structures show that as we improve our

matching of experimental pore and mass (solid) chord length

distribution functions during the reconstruction process, we

also improve matching of the experimental N2 pore diffu-

sivities. Hence we conclude that matching chord length

distribution functions is a necessary (though probably not

sufficient) condition for accurate structural representation.

Further to the pore diffusion simulation studies we have

simulated Hg-intrusion in the reconstructed 3D images

using a pure morphology method. Our findings have shown

good agreement of either simulated structure with the

experimental curve, when properly normalized, for intru-

sion volumes in the range of 50–88 %. Moreover, it is seen

that standard and hybrid SA methods produce simulated

Hg-intrusion curves that are almost indistinguishable. This

result suggests that Hg-intrusion porosimetry alone may

not be sufficient to extract structural parameters that con-

trol pore diffusivity, at least for the type of the zeolite

adsorbent structure studied in the present work. However,

additional work with more detailed simulation models must

be performed to draw a safer conclusion on this matter.

SEM micrographs, on the other hand, when properly

obtained to represent realistic 2D sections of the porous

material, contain sufficient structural information, in the

form of pore and mass chord length distribution functions,

that can distinguish among pore structures with different

mass transfer rates, with the additional employment of 3D

stochastic reconstruction methods. Evidently, the direct

link between these structural parameters and pore diffu-

sivity will provide the necessary route to improve the mass

transfer rate of porous adsorbents.
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